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version of the quintuple identity. Motivated by the connections between these identities,
we discover an identity which yields proofs of Rogers-Ramanujan-type identities associated
with the Rogers-Ramanujan continued fraction, the Ramanujan-Gollnitz-Gordon continued
Dedicated to Professor Stephen C. Milne on fraction and Ramanujan’s cubic continued fraction. We also discover a new generalization
the occasion of his 75th birthday of the quintuple product identity which leads to a generalization of an identity due to
RJ. Evans and a short proof of g-Chu-Vandermonde identity that does not require the

knowledge of the g-binomial theorem.
© 2024 Elsevier B.V. All rights are reserved, including those for text and data mining, Al
training, and similar technologies.
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1. Introduction

In this article, we revisit and provide elementary proofs to classical identities such as the Rogers-Fine identity, the Rogers-
Ramanujan identities, the quintuple product identity, the Ramanujan-Goéllnitz-Gordon identities, the Ramanujan identities
associated with his cubic continued fraction, Evans’ identity for certain Lambert series, the g-Chu-Vandermonde identity
and the Jacobi triple product identity.

In Section 2, we present a new proof of the Rogers-Fine identity.

In Section 3, we use the Rogers-Fine identity to derive an identity that is subsequently used to establish the Rogers-
Ramanujan identity and a new finite version of the quintuple identity.

In Section 4, we discuss an extension of the identity established in Section 3 to prove the Ramanujan-Géllnitz-Gordon
identities.
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In addition, for any nonzero integer j, let
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In Section 5, we derive the identity

N 2 N 2
Z @/c; @Pn(—0)"g" (cq?: qz)NZ (a,a/b,a/c; ¢)n(1 — ag*) (—=bo)"g>" "
= (@*:4*)N-n(q*. bg*: ¢*)n ' = (0% 4*)N-n(@: §*)N+nt1(q% bg*. cq?: ¢*)n
using an elementary approach and use it to derive all the identities associated with the Rogers-Ramanujan identity, the
Ramanujan-Go6llnitz-Gordon identity and Ramanujan’s identities associated to his cubic continued fraction. We emphasize
that our proofs of these identities, unlike most proofs presented in the literature, do not require the use of Watson’s gq-
analogue of Whipple’s theorem, also known as Watson’s g7 transformation formula. (See for example, [3, p. 81, (4.1.3)] and
[16, p. 242, (11117)].)

We also derive a generalization of the finite version of the quintuple identity in Section 3. This generalization implies
that

1 . (x/z:q)i(—z)iqP+D/2 1 ©(x/y:q)i(—y)igiti/2
Z (x/z;9)j(=2)'q _ Z *x/y;9)j(=y)'q . (11)
(¥4/%,2q; Qoo . va; q)j (29/%, Y4; Qoo . = (zq; q)
Jj=—00 Jj=—00
If we set x=yz in (1.1), we deduce that
00 Lo 00 P24
(—2)iqu /2 (—y)iqu+d/2
Y3 —=q/2,% —_— 1.2
@y.y q)ooj;w g =W Q)ooj;w rp—— (12)

Identity (1.2) can be found in RJ. Evans’ article [13, (1. 8)] and S.H. Chan’s article [10, Theorem 4.2]. Evans gave two proofs
of (1.2), with the first proof using Ramanujan’s 1v1-summation formula and the second proof using Bailey’s ;/;-summation
formula. Chan’s proof, on the other hand, involves the partial fraction decomposition of certain quotients of finite products
(see [10, (2.1), (4.4)]). We emphasize here (1.1) cannot be established using the methods of Evans’ proof or Chan’s proof of
(1.2).

The g-Chu-Vandermonde identity plays a crucial role in this article. In Section 6, we provide an elementary proof of
the g-Chu-Vandermonde identity that does not depend on the use of g-binomial theorem. We then show that the g-Chu-
Vandermonde identity implies the Jacobi triple product identity.

2. The Rogers-Fine identity

The Rogers-Fine identity is stated as follows.

Theorem 2.1. Suppose |q| < 1, |t| <1 and b # q~™ for any non-negative integer m. Then

o0

— (@ Q)j ; (a,atq/b;q)j ;i 2_; iy
1-—t¢t = —— = (bt)'qg" (1 — atq). 21
=02 i), = L gy T @n

There are several proofs of (2.1) (see [2, Section 9.1]) and one of the simplest proofs is given by NJ. Fine [14, p. 15]. We
now present a new proof of (2.1) by studying the right-hand side of (2.1).

Proof. For simplicity we use F(a, b,t) to denote the right-hand side of (2.1). Substituting the identity

(1—atg¥) =1 —tq’) +tg’ A — ag’)

into the right-hand side of (2.1) we find that
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(b; q)j(tq; q)j—1 (b.tq; q);

j=0 j=0
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=1—t+ bty gl ¢
Z (b; @) j+1(tq; q)]( 1 Z (b,tq; q);
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—1—t+t§1 ;F(aq bq, t). (2.2)

Replacing (a, b) by (aq™, bq") in (2.2), we find that

F(aq",bq", t) — Mtk’(aq”” b =1 —1). (2.3)
(1 —bg")

Multiplying both sides of (2.3) by

(@ Qn o
(b; Pn

we conclude that

)

@ Pn q nowon (@ Pn+1 41 n+1 1 n+1 @ n .,
t"F(aq",bq",t) — ————t"""F(aq""",bq" "', ) = (1 —1) t
(b; Pn (b; Pn+1 (b; Dn

Summing (2.4) from n=0 to n = N, we deduce that

(2.4)

Fa,b,t) — % NFTE gVt bg™ 6y = (1 —t)Z EZ q;” e, (2.5)

Since |t| <1 and F(0,0,t) =1, we deduce that

@ DN N1 p g+ pgh+1 gy = ED2 £ 0 ¢y fim N+ =0,
N—oco (b; )N+1 b: Do N—oo

This shows that letting N — oo in (2.5) yields (2.1). O
From (2.1), we deduce the following corollary.
Corollary 1. Suppose |q| < 1 and b # q~* for non-negative integer k. Then

@ Qoo i (a:q)j(aq/b; q);

= 1—ag®Hbigh . 2.6
(b D)oo o, | (26)

j=0

Proof. First we rewrite (2.1) as

o~ @G Dj ;i o @GDj 1 o (@ atg/b;g); 0 y
B =1CT g, O -adh. 2.7
on(b;q)f ;)(b;q),» ]:ZO bigq), OV¢ -ag) 27

Letting t — 1 in the left-hand side of (2.7), we deduce that
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N
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Identity (2.6) follows by letting t — 1 in the right-hand side of (2.7). O

Observe that if we let b — 0 in (2.6), we obtain the identity

~ @ q)j _
Dee =S (1) igBir-i/2q 2.8
(@ q) 'E_ =1 @ q)]a q (1—ag®). (2.8)

Identity (2.8), which can be found in [14, (13.4)], may be viewed as a generalization of Euler’s pentagonal identity

o0 (e8] o0
[Ta-dv= Z(_1)jq(3j2+j)/2 + Z(_])jq@jz—j)/z

k=1 j=0 j=1

since the latter can be obtained by substituting a =q in (2.8).
3. The Rogers-Fine identity, the Rogers-Ramanujan identities and the quintuple product identity

The well-known Rogers-Ramanujan identities are given by

00 i2

q’ 1
= 5 4. 45 (3.1)
@D (@07)0(@% 9o
and
0 i+ 1
A (3.2)
@D (0% 0)e(@ )0
There are now many proofs of (3.1) and (3.2) but we highlight two ways of establishing these identities.
The first approach is due to D.M. Bressoud [6]. In his proofs, the identity [5, p. 77, Proposition 3.4]
.o
(3.3)
(xq Dn Z[ } (xq:q);
where
[N] _ (@ DN , (3.4)
mJ, (@ Pm(q; PN-m
plays an important role. Identity (3.3) is proved by induction in [5] but it is essentially a consequence of
. N
(c/b; Q)N _ Z|: ] (— l)m m@m—1)72 05 P)m b; Om (7>m' (3.5)
(G T (€ Dm

Identity (3.5) is known as the g-analogue of the Chu-Vandermonde identity. The simplest proof of (3.5) using the g-
binomial theorem

i @) ;_ @79
= @D; (Z @)oo
is given by Gasper [15], [18, (3.7), (3.12), (3.13)]. For a proof using Heine’s transformation formula, which also relies on the

g-binomial theorem, see [16, Section 1.5]. In Section 6, we give a new proof of (3.5) without appealing to the g-binomial
theorem.
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The second approach is by observing that (3.1) and (3.2) are consequences of

®  qigh © —1ia a): (1 — ag?Ha2igGit—i/2
(aq'q)ooz a'q v &b (a,q)J(.l aq)a“'q . (3.6)
=@ D @1 -a

Indeed, (3.1) and (3.2) follow from (3.6) by setting a =1 and a = q, respectively. A proof of (3.6) can be found in [4, p.
77]. According to R.A. Askey, S. Ramanujan could have established (3.1) and (3.2) by using an entry [4, p. 16, Entry 7] in
his notebooks. These proofs that Ramanujan missed were discovered by G.N. Watson [21], who proved the identities using
his g@7-transformation formula. In a recent article, H.C. Chan revisited (3.6) and provided an “elementary” proof of (3.6) by
establishing an identity involving q"2 [7, (1.4)]. In this section, we give another new and elementary proof of (3.6) as an
application of the Rogers-Fine identity.

In (2.6), let b =aq"*!, where n is a positive integer. We find that

n

@@ " Q;j ; 2iv 24

@ Pnp1 =y ————al (1 —ag®)g" " (3.7)
" X;: (q.ag™ 5 q);

From (3.7), we deduce that

n @™ aq; . Lo
=0 @ Dj(@ Dntja

—Z( l)][ } T (38)

(@ Pnrj+1

Next, we observe that
N

Z anqn2

= @ Dn(q; @IN-n

n ,n? . j
aq Z(_ )J|: ] (a; q)ja’ (1 — a2 yqCP-D/2

—~

N
g (@ Dn@: DN-n = (@ Dntj+1
_ XN: (—1(a; q)ja’ (1 — ag?)g®' 12 & a'q”
pars (CHO e (@ Dn—j (@ D+ j+1(G: DN-n
N . . . N—j X .
=) 1/ 4@ a,e? iy 2. [N n J] grim-n_COTO" (3.9)
= (@ (@ DN-j(@ D2j41 m @qg* ' q)m
where we have used (3.8) in the first equality.
Letting b — oo in (3.5) and then replacing N by N — j and finally setting ¢ = aq?/*!, we deduce that
N—j . i
N—j m(m—1) (aq2]+1)m _ 1 310
Z m |9 (aq?i+1; = ag2i+1. - (3.10)
o q qITi @m (@@ QN
Substituting (3.10) into (3.9), we deduce that
N 2 N 2jy(q- 2j
3 g Sy (—aq™)@ a7 1), (311)
=0 @O @G DN (@ @) j(q DN-j(@ PN+ j+1
Letting N — oo in (3.11), we conclude that
©  nn? . 2n
aq a; 1—a
a; q)= L Wnt” ) pengnn-1) (3.12)

(q q)n (q; Dn

and this completes the proof of (3.6).

We have shown that (3.1) and (3.2) can be derived from the Rogers-Fine identity (2.1) and a consequence of the g-Chu-
Vandermonde identity (3.10). In Section 5, we show how to derive (3.10) without using the g-Chu-Vandermonde identity
(see the proof of (5.8)).
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We end this section by proving a new finite form of the quintuple product identity using (3.11). Our discovery of the
new identity is inspired by the proof (known to C.F. Gauss and A.-L. Cauchy) of the Jacobi triple product identity [1, Theorem
10.4.1]

% Doo(@/%: Doo(@; Poo = Y (=1)g/I7D2. (313)

j=—o0

Theorem 3.1. For any nonnegative integer N and x # q™ for m € Z, we have

XN: [ 2N ] (1 —xgg" e Z [ ] o (3.14)
= IN g DN @/ DO S [N+ ' '

Proof. Using (3.4), (3.11) can be written as

N

)| 2n 1 )
Z[N] D 1)[ } e (315)

= g (@ DNtns1

Replacing N by 2N in (3.15) and making the change of variable of n — N +n, we find that

N N _
Z [ N ] an+Nq(n+N)2 _ Z [ N ] (_1)n+Na2n+2N(-1 _aq2n+2N)(a;q)n+Nq5(n+N)z/2 (n+N)/2.

N+nj, N+n], (@5 @)3N+n+1

(3.16)

n=—N n=—N

Simplifying (3.16), we deduce that

N 2_
5 [ 2N } N _ (—a)NgCN M2 (a; )y
N+n], (@ 9)3N+1

n=-N

N
y Z (- -l)n 211(1 2n+2N)q(5n n)/2+5nN(aq q)n (3 17)
N+n '

(ag3N+1; q)n

Setting a = xqg—2N in (3.17), we arrive at

N —2N
2N :
Z [ } qnzxn (—x)Ng~N(N+D/2 xq "7 N

N+, (xq=2N; @)3n+1

N 2n —N. 2n
2N ] (1— ;
) (—1)"[N } QXD oz (3.18)
N +nlq (g™ Pn

Using the definition of the g-shifted factorial, we find that

xq 2 3np1 = kg N N xg N @anr
= (xq 2N Onxq N QN X D1
= (—x)Ng NNV (xg=2N: q) N (q/%; QN X DN
It follows that
—2N.
(—x)Ng=NN+D/2 g~ "N _ 1 ) (319)
xq2N: @3Nyt X ON+1(/X; DN
Using (3.19), we simplify (3.18) as

N N

> [ o ] L (P — (—U"[ o ] (A=) O™ siemzean(3.50)
Sy N+, *: DON+1(@/X: DN N+n], (xgN*1; @)y

Since

nN+n(n—1)/2 ; N—n+1

xg™N; @ = (=0"q" @ /% @
for any integer n, we observe that (3.20) implies (3.14). O
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Letting N — oo in (3.14) and then using the Jacobi triple product identity (3.13), we arrive at the quintuple product
identity

ad 2 ad 2
D A=x*g" T = (%,4/% Do Y, 4K

n=-—0o0 n=-—o00
= (X, q/%; Qoo (@, —qX, —q/X: *) oo
Using the definition of the g-shifted factorial we find that

(% Qoo = (%, 4% ¢*)oo and (9/X; Qoo = (4/%, 4%/%; ) oo

Thus we have

(%,4/% Qoo (@®, =X, —4/%; 4% oo = (@°, X, @*/%; §*) oo (@*%%, §* /%5 ¢ oo
It follows that

o0
2
A =x@®M@ T = (@ % 07 /% D)oo (@K, 01X 0 P)oo (3.21)

n=—oo
Replacing n by —n, g® by g and x by 1/x in (3.21), we arrive at another version of the quintuple product identity [12, (1.11)]

o0

_ _ 2
D A=xlgMgPT IR = (g, 1/, 9% D)oo (X, 4/X%; 0P o (3.22)

n=—oo

Identity (3.14) is not the only finite version of the quintuple identity (3.22). For other finite versions of (3.22), see [19, (27)],
[11] and [17, Sec. 2.10].

Remark 3.1. Our discovery of (3.14) shows that the Rogers-Fine identity, the Rogers-Ramanujan identities and the quintuple
product identity are connected via a single identity (3.11).

4. New proofs of the Ramanujan-GolInitz-Gordon identities

Ramanujan’s interest in (3.1) and (3.2) might have originated from his interest in proving his continued fraction

e /5 g7 edm em6m /545 541 (41
1 + 1 + 1 + 1 -\ 2 2 7 )

which is the value of the Rogers-Ramanujan continued fraction

1/5 2

@ 9 ¢ ¢
1 +1+1+1--
at g =e~27. The identities (3.1) and (3.2) are crucial in proving (4.1).
Ramanujan’s continued fraction (4.1) has an interesting “companion” known as the Ramanujan-Gollnitz-Gordon contin-
ued fraction given by [9, (4.4)]

e—n/z e—Zn e—47r e—67r
=V2v2+4—(V241), 42
1+e 7T +14+e 37" +14e 57 + 14 77-.. + ( +1) (4.2)

which is the value of

F(q) =

1/2 2 4 6

q q q q
1+q+1+q@3 +1+¢> +14+4q7--

at ¢ =e~ . The proof of (4.2) relies on the analogues of (3.1) and (3.2), namely, [20, (2.16), (2.17)]

H(q) =

— (—0:¢Y); p 1
D = 43
= @5 d); O T P @ P (43)

and
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o . 2 . ‘l
) (=4:q )qu2+2j _ _ (4.4)
= @) @* 4%)00(0% %0 (0> ¢*) o0

Although there are many proofs of the Rogers-Ramanujan identities (3.1) and (3.2), there are not as many proofs for
(4.3) and (4.4). B. Gordon once told the first author that every relation satisfied by the Rogers-Ramanujan continued fraction
corresponds to a similar relation satisfied by the Ramanujan-Géllnitz-Gordon continued fraction. This “principle” appears to
work for all cases so far. For example, the first two authors of this article have found proofs of (4.3) and (4.4) (see [8])
similar to that of Bressoud’s proofs of (3.1) and (3.2). As such, it is natural to wonder if we could prove (4.3) and (4.4) along
the same line as proofs of (3.1) and (3.2) given in Section 3. It turns out that Gordon’s principle works again. We first state
the following analogue of (3.6) for (4.3) and (4.4).

— @?/b;q®); 2 i (00P0 o (@07);(aq? /b g 4j. a2
— 2 —byl = by (1 — ag*)g* =2, 45
].:ZO (@%q%); @ e (mq%}é (b; 4%);(q%: q?); (@b) (1 —aa (42)

Identity (4.5) is obtained by letting N — oo in the following identity.

Theorem 4.1. Let N be a positive integer, a % q—2™ and b # q—2¢ for non-negative integers m and £. Then

N 2 b 42 2—j j N N | 45\ 452 =2] (12 Ihe A2
(aq”/b; q%) jq” ~/ (=b)! (a;q9)ja’b! (1 — aq*)q* ~<I(aq*/b; q°)
Z q-/b; q%)jq =(b;q2)NZ q);j q*)q q“/b; q%);

@% a®IN-j(@* P (@%%);(q% 4*IN-j(b; 42 j(@ PN+ j+1

(4.6)
j=0 j=0
The proof of (4.6) follows in the same way as the proof of (3.6) and we leave it as an exercise for the reader. Identity
(4.5) can be found in [3, p. 84, Entry 4.2.4] while (4.6) appears to be new.
By letting @ — 1 and setting b = —q, and by setting a = g and b = —q3, respectively, in (4.6), we obtain two finite sums

N N _
DR L N D (47)
= (@% 4IN-n(q* ¢Pn ’ @ a»y = @ aPN-n @ g)Nn
and
N ) n%+2n N n 2n+1y ,4n%+3n
(—4;9°)nq =D"A =g )q
Z 7.2 - 7.2 =<—Q;q2)N+1Z 2. 2 2. 2 . (4.8)
— (G4 4*)N-n(q%; °)n — (% 4“)N-n(q%; @“)N+n+1
n=0 n=0

Letting N — oo and applying the Jacobi triple product, we obtain the two Ramanujan-Géllnitz-Gordon identities (4.3) and
(4.4).

5. Ramanujan’s cubic continued fraction

A cubic analogue of (4.1) and (4.2) discovered by Ramanujan is given by

e—2n/3 e—2rr +e—47'r e—4rr +e—8n e—Gn +e—12n B _(1+ﬁ)+ /6\/§
1+ 1 + 1 + 1 N 4 '
which is the special value of Ramanujan’s cubic continued fraction
a3 g+ P+q¢¢ B+t
G@)=—
1T+ 1 + 1 + 1

at g =e~27. The proof of (5.1), like that of (4.1) and (4.2), requires the following two identities [2, Corollary 6.2.7], which
are analogues of (3.1) and (3.2)

(5.1)

(=45 0¥ o0 (@ 000 (0% 000 (0% 0% o0 oo 2125 (— 05 s
_ 52
@* 0" ;q (@*:q%s 62
and
(=4 4®) 0 (@%; 6300 (@ %) 0 i 2 (—4;q%)s
: - A s (5.3)
@*: 4% = @hahs

A natural question, after Section 3 and Section 4, is to ask for proofs of (5.2) and (5.3) similar to the proofs of the pairs
of identities ((3.1), (3.2)) and ((4.3), (4.4)). Our attempt to find such proofs for (5.2) and (5.3) leads to the discovery of
the following identity which surprisingly allows us to deduce all the three pairs of identities ((3.1), (3.2)), ((4.3), (4.4)) and
((5.2), (5.3)).
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Theorem 5.1. Let N be any nonnegative integer and a # bq—™ for any positive integer m. Then

. N Ky (q— .
(@ Pn+1 Z (1—ag®)@N,a,b; g (—a/bykgklktD/2HkN_ (5.4)

(ag/b:q)n = (q.aq/b,agN*1; q)

The proof of (5.4) is different from the proof of (4.6) and (3.6) and its details are provided as follows:
Proof. We use f(a) to denote the right-hand side of (5.4) and noting that
1-ag® =1-¢"+4"(1 —ag",

we find that

fl@=

qN,a,b; q) K k(k-+1)/2+kN (@ Q1@ N, b @) k k(k+3)/2+kN
(—a/b)* gUHD/2HN (—a/b)kqkH32HkN (5 5)
(@; Dr—1(agN*1, aq/b; @)k Z (q,aqN*1, aq/b; @)k

Making the variable change k — k + 1 in the first summation on the right-hand side of (5.5), we find that

=
M=

al @ N, a,b; Q1 k1 (k+1)(k+2)/2+(k+1)N
f@=>)" (—a/b)*1g

= @ Q(agN*, aq/b; s

Y@ @ur1@ N, b; g
s Dkt , b5 Qi k k(k+3)/2+kN
> —a/b
! 0 (q,an“,aq/b;q)k( a/bra

_ i (@ Qr+1 @ N, b; q) (—a/b)qu(k+3)/2+kN 1- agh*t1(1 - bqk)(1 - q_N+k) (5.6)
< (q.aq"+1, aq/b; Qi b(1 — agN+k+1)(1 — agk+1/b) '

Using

| 6™ —bgHA—g™"Y |\ (1 —ag™/b)(1 —ag? )
b(1 _an+I<+1)(-1 —aq"“/b) - (a _an+k+1)(-1 —aq"“/b)’

we rewrite (5.6) as

_ N+1 (1- 2k+])(a' Dr+1 @ N, b: @) k k(k+1)/2+kN
fo=a- / b)z (@: D(agN*, aq/b; Q)1 (aarbra

(- - an“/b)

T (1-ag"*)(1 — ag/b)

Iterating (5.7), we find that for any non-negative integer n,
(@; Qn(ag""" /b; q)n
(agN*t1; @)n(aq/b; qn
Letting n — oo and noting that f(0) =1 we find that

f(ag). (5.7)

f@= f(aq").

f@— (@ Doo(@q™ /b1 oo (@ QN4
(agN*1; @) oo(aq/b; oo (ag/b; @n

and the proof of (5.4) is complete. O

Remark 5.1. Identity (5.4) can be viewed as a special case of a ggps-summation formula [16, p. 238, (IL.21)].

In Section 3, we promise to give a proof of (3.10) without using the g-Chu-Vandermonde identity. We prove (3.10) using
(5.4). First, note that (3.10) is a consequence of

gkk=D

N
— = E _ 5.8
(c q>N Pt [k]q Cr 58)

To prove (5.8), we let b =agq/c, followed by letting a — 0 in (5.4).

9
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Identity (5.4) is equivalent to

N

(a,b; )n 2n nn?
1- b)"q"".
n; (q,aq/b;q)n(q;q)N_n(a;q)N+n+1( G

1
(q.aq/b; Q)N

With q replaced by g2 and b replaced by a/b, we arrive at

1 B i (a,a/b; ¢*)n(1 — ag*")b"q*" (59)
(@2.ba% q®)N = (@%, bg% a)n (% GPIN-n (@ D) N4nt1 '
With that, we deduce the following theorem.
Theorem 5.2. Let N be a positive integer, b £ q~2™=2, ¢ £ q—2¢=2 and a # q—2" for non-negative integers m, £ and v. Then
N 2 N 2
@/c; @ n(=0)"g" " 5, (a,a/b,a/c; ¢*)n(1 — aq*")(—bc)"g*" *" 510
Z(qz.qz)N @.b3% ) _(Cq’q)NZ(z. DN @) (@.bg%. e a0 (5.10)
e 5 -n(q°, 3 q%)n nzoq,q N—n(@d; 4°)N+n+1(4=, Dq=, Cq=; 4“)n
Proof. The proof is similar to the proof of (3.11), where we used (5.9) instead of (3.8).
Invoking (5.9) on the left-hand side of (5.10), we find that

i (@/c: ¢)a(—0)"q" "
= (q% ¢*)N-n(q?. bg%; g*)n
_ XN: (@/c; Pn(—0"q" M I\ (a,a/b; 2)(1 — ag)bkg?

— (4% 4*)N-n — (42, bq% q*)k(@% 0®)n—k(@; Pkt

n=0 k=0

N N

_y @b ag™)bkg? (a/; 4 (=0)"g" "

= @, bg* g*)i = (@ PIN-n(q% Pk (@ GIn i1
_ i (@,a/b,a/c; @)1 — ag™)(=bo) g+ (X (ag? /c; ¢P)m(—cg?2)mgm’ —m [N - 1<]

= @b @ P @ PIn-k (aq*+2; ¢*)m m g

N 2

-y (@, a/b,a/c; g1 —ag*™)(=bo)*g** ¥ (cq®; g*)n i (511)

& (@ ba% (@ a1 (@3 DNk @@¥ 2 g
where, in the last step, we used the g-analogue of the Chu-Vandermonde identity (3.5) with q replaced by g2, a replaced

by ag®*/c, c =aq**2 and n=N — k.
Simplifying (5.11) further then yields the right-hand side of (5.10) and this completes the proof. O

If we let N — oo in (5.10), we deduce that

i (@/¢;)n(=0"a" " _ (cq% 6P i (a,a/b, a/c; ¢*)n(1 — ag™™) (=bo)"g*™+" (512)
—~  (q*.bg% qHn @ = (%, bg?, cg%: g%)n '

Identity (5.12) is equivalent to an identity found in Ramanujan’s Lost Notebook (see [3, Entry 4.2.3]. Identity (5.10), however,
appears to be new.
From (5.10), we immediately deduce the following corollary.

Corollary 2. For |q| < 1 and positive integer N, we have
N N

(—q; g™ 2 1 2(-1)"g*
— (—q: n 513
Z(qz;qz)N_n(q“;q“)n R q% D)% Z (>13)

n=0 = (4% ¢*)IN-n(G*: *)N+n

and
N

(=4;4%)ngq
>

it (@%; g*IN-n(@* q*)n

n?+2n _ q2n+1)(_1)nq3n2+2n

N
1
=(=q: PInt1 ) ( (5.14)
n=0

— (@% 4*IN-n(@% @IN+nt1

10



H.H. Chan, S.H. Chan and Z.-G. Liu Discrete Mathematics 348 (2025) 114387

Proof. By letting a — 1 and setting b= —1, c = —1/q in (5.10) we obtain (5.13). Identity (5.14) is obtained by setting a = g2,
b=-1,and c=—q in (5.10). O

Letting N — oo, dividing both sides by (q%; ¢*)oo and applying the Jacobi triple product identity in each of (5.13) and
(5.14), we obtain (5.3) and (5.2), respectively.

We next observe that by letting b — 0 and ¢ = b/q?, we obtain another proof of (4.6). We have seen that (4.6) implies
(4.3) and (4.4).

If we let b — 0 and replace g% by q in (4.6), we arrive at (3.11). We have already seen that (3.11) gives (3.6) as N — oo.
As mentioned in Section 3, (3.6) implies (3.1) and (3.2). We have thus shown that (5.10) implies all the identities associated
with the Rogers-Ramanujan continued fraction, the Ramanujan-Gollnitz-Gordon continued fraction and Ramanujan’s cubic
continued fraction.

In Section 3, we deduce a finite version of the quintuple product identity (3.14) from (3.6). The same approach illustrated
there can be applied using (5.10) instead of (3.14) to deduce a generalization of (3.6).

We replace N by 2N and the summation index n by n + N in (5.10), and multiply both sides by (q?;q%),n. After
simplifying, we arrive at

N

5 [ 2N } (a/c; q2)N sn(—C)g2NmHn* 4n
q2

= (cq%; q*)2n

N+n (bg?; q*)N4n

n=—N

AN-+4nypN-n (_C)nq2N2+6Nn+3n2+n

5 XN: 2N | (a.a/b.a/c;¢®)nsn(1—ag
N+n ], (@; G?)3N+n+1(bg?%, cq%; G*)N+n
n=—N q i s i

Setting a =xq~*N, b= yq 2N, and ¢ = zq—2N, we find that

N —2N /. 2 nan?+n
2N (x z; —2) _
Z [ ] q"/z;q°)N+n(—2)"q N+2, 02 (5.15)
q2

=(zq
S LN+ (yq—2N+2; g2)N 1
N _ _ 2
- 2N ] (xq 72Ny, xq7 N /2, ¢?)ngn(1 — xg*h) y N+ (—z)ng2Nn+3n4n
N+n]e. (xq=2N+21; q2)oN 11 (yq—2N+2, 22N 42 g2) N yn '

n=—N

Noting that for any positive integer N and any integer n,

@q™N; ¢*nn = @ 4PN (@ ¢Pn
= (—DNa"g VN (@ /a; ¢P)n (@ P,
2q7 N2, 2oy = (VNG VN (12 Pnzdh ¢Pon
and

(xg 22 q1)ang = (xq N2 g NCn (% 4P N

_ _ _N2 _N_n2
= (=N TRNGmNTRNI=N=T (02 e ) N (% G2 N1,

we see that (5.15) is equivalent to

. 2N (@z/% @In &/ z; ¢P)n(x]) (y2)N (—2)1g +n—2N
> .

o LN+ (1/y; )N (Y% ¢)n

al [ 2N } (Va2 /%, 262 /% PINK/ 2, %]y @In(1 = XqM) (= 1)X (x/ (y2))N Y (—2)qg—2N+4n°
qz

= (1/2,24 ¢*)n
/ H;N N+n @*/%:@IN-n(: @IN4nt1 (1/y.1/2: ¢IN(YGP, 2% 4%)n

Upon further simplification and rearrangement, we arrive at

XN: [ IN } (X/2; P)n(=2)" g+
N+n]e (¥4?; 4%)n

n=—N

N [ 2N ] x/2.%/y; (1 — xq*)x"y"2"g " (5.16)

= (vg* /%, 24% ¢*)n :
n;v N+n Joo @/ gN-n(*: @) N+n+1 (VG2 207 GP)n

Letting y, z— 0 and replacing g2 by q, we recover (3.14). This shows that (5.16) is a generalization of (3.14).

11
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If we let N — oo, replace g% by q and rearrange, we obtain an interesting identity given by

o0

ST (x/2:9);(=2)q "2 E (/2 x/y:9);(1 — xg2)) (xy2) 1g*
(¥a/x.20; Qoo ;£ (¥g: 9); (¥4, 20; Q) '

(5.17)

—00 j=—00

Letting y — 0 and z — 0 in (5.17) and using the Jacobi triple product identity (3.13), we obtain the quintuple product
identity (3.22). This shows that (5.17) is a generalization of the quintuple product identity.

Next, we observe that the right-hand side of (5.17) is symmetric in y and z and we immediately deduce (1.1). This shows
that (1.1) is a generalization of (1.2) and the proof of (1.2) given here is new. When we set z — 1, we arrive at

i (~1IqU" 2 (g,

= } (5.18)
1—yq/ Q/y,y; Doo

j=—00
6. On the g-Chu-Vandermonde identity and its consequences

The identity (3.5) is used several times in this article. In this section, we give a short proof of (3.5) which is independent
of the g-binomial theorem. This proof is motivated by the proof of (5.4).

Proof of (3.5). It is obvious that when N =0, both sides of (3.5) equal 1. Now we assume N > 1. Recall that for N > 1,

N R
=(q + . (6.1)
nlg noJg n—1 q

For brevity we use Fy(c) to denote the left-hand side of (3.5) and substituting (6.1) into Fy(c) we deduce that

N r T . N .
FN(C)=Z N-—-1 (—1)" (aj Dn (E)nqn(n+1)/2+z|:N—1] (—1)n((1j—q)n(£>nq”(”_l)/2,
oL (€ qQn \a ln—1], (c;qn \a
Noting that
[N — 1} [N —17
= = 0,
Nl LT 1
we have
S [N-1 (@ @n (C\" b [N -1 (@ @n (C\" /2
Fn@ =Y [ ] (=1)" (5) a2y [ ] (—r D () bz, (62)
—Lonodg (c;qn \a —Lln-1], (c;qn \a
Replacing n — 1 by n in the second series of the right-hand side of (6.2), we conclude that
N-1 N-1 )
Fn(o) = Z [N ] (-nt—= @ D (—) g tH/2 Z [N - 1] @1)"% (E)HH g2
n=0 n (€ Dn n—0 n g (€; Pn+1 \a

N—-1 n
— Z [N - 1] (_.l)n (a, Q)n (E)nqn(n+])/2 (1 _ c(1—- aqn)>
el I L P (c;@n \a a1 —cq")

N—-1
(1 —=c/a) N-—1 _n (@; @n AC\" nm-1)/2
T (-0 ;[ n L( D ean (a) O

It follows that
(1—c/a)

Fn(c) = ———Fn-1(q0).
(1-0
Noting that Fo(c) =1 for any c, iterating the above equation and using Fo(qVc) =1 we find that
(c/a;Pn (c/a; q)n
Fn(o) = LEDN g ey = LEDN
€ PN ;N

12
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We next show the relation between (3.5) and the Jacobi triple product identity.
Replacing N by 2N and making the change of variable m — N 4+ m in (3.5), we find that

b

N
/b @an _ > [ 2N ] (_1)m+qu(m—1)/2+mN+N(N—1)/2(b;Q)N+m (E)NJF’“’
(€ Dan yLNFml, (€; DON+m

Next, setting ¢ =abq~", we arrive at

_ N

@@y _ 3 [ 2N ] (1) +N gmm=1)/2-4mN+N(N=1)/2 (b; ON+m (aq—N)N+m_
@bgq=N:qay = IN+m], (@bq=N: @)N+m

By applying

—N(N+1)/2

xq N n = (=g XN (q/x; Q)N X,

and simplifying, we arrive at

N
@,q/a; Pn |: 2N ] m_m m(m—1)/2 (b; Pn+m
ik Tk SR (-1)™d"q — (6.3)
(ab: q)n ZN N+m], (ab: @)m
Letting N — oo in (6.3), we arrive at
(@,9/a,4; Do _ i (=1)Mgmgmm-D/2 (6.4)
(@ab,b; @)oo (ab; Q)m ' '

If we let b =gq/a in (6.4), we arrive at Euler’s identity

m=—oo

o S .
(=1)iqU =P/2q]
(@ Qoo =Y BT

j=0

since 1/(q;q)j =0 for j <O0.
If we let b — 0, then we recover the Jacobi triple product identity

[o¢]
(@,q/a,q; Poo= Y (=1)"a"g" "D/,

m=—0oo

In other words, we note that (6.4) generalizes both Euler’s identity and Jacobi’s triple product identity.
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